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Outline

1) electromagnetic form factors at low energies:
lepton-nucleon scattering and atomic spectroscopy 

3) neutrino-nucleon CCQE cross sections:

inclusion of neutron and high-precise A1@MAMI data

4) nucleon structure corrections to energy levels:

1S HFS in muonic and 1S-2S in ordinary hydrogen

2) electron-proton scattering:

z-expansion fits and improved radiative corrections



3

Neutrino experiments
- DUNE and Hyper-K: leading-edge 𝜈 science experiments

- measurement of 𝜈μ disappearance and 𝜈e appearance from count rates

- cross sections enter neutrino oscillation analysis
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(Anti)neutrino-nucleon charged-current

quasielastic scattering 
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CCQE. Why should we care?

- basic process: bulk of events at Hyper-K and DUNE

- neutrino-nucleus cross sections and future accelerator-based fluxes

- best channel for reconstruction of neutrino energy

Noemi Rocco

talk at Neutrino 2020
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contact interaction at GeV energies

CCQE scattering on free nucleon

tree-level amplitude

 momentum transfer

neutrino energy

isovector Dirac and Pauli
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axial and pseudoscalar

- assuming isospin symmetry, nucleon current:
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CCQE scattering on free nucleon

⌫

e e

⌫

<latexit sha1_base64="GkESPxKba7qd8chOZu8CCwF770w="></latexit>

`(k0)
<latexit sha1_base64="k16LC33jMPrk1/+7piFWbg974NI=">AAAB73icdVDLSgMxFM34rPVVdekmWMS6GTLTVuuu6MZlBfuAdiiZNNOGZjJjkhHK0J9w40IRt/6OO//GTFtBRQ9cOJxzL/fe48ecKY3Qh7W0vLK6tp7byG9ube/sFvb2WypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2x1eZ376nUrFI3OpJTL0QDwULGMHaSJ0e5bw0PjntF4rIRqhaPqtCZDuuU63UDKmg8oXrQsdYGYpggUa/8N4bRCQJqdCEY6W6Doq1l2KpGeF0mu8lisaYjPGQdg0VOKTKS2f3TuGxUQYwiKQpoeFM/T6R4lCpSeibzhDrkfrtZeJfXjfRQc1LmYgTTQWZLwoSDnUEs+fhgElKNJ8Ygolk5lZIRlhiok1EeRPC16fwf9JybadsuzeVYv1yEUcOHIIjUAIOOAd1cA0aoAkI4OABPIFn6856tF6s13nrkrWYOQA/YL19AlkMj4Y=</latexit>

⌫`(k)
<latexit sha1_base64="203yJzMS4sBk7g9cMFbWih+l7T8=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBahXsImbbXeil48VrC1kISy2W7apZtN2N0IpfRnePGgiFd/jTf/jZu2goo+GHi8N8PMvDDlTGmEPqzCyura+kZxs7S1vbO7V94/6Kokk4R2SMIT2QuxopwJ2tFMc9pLJcVxyOldOL7K/bt7KhVLxK2epDSI8VCwiBGsjeT5Iuv7lPPq+LRfriAboUbtrAGR7bhOo940pI5qF64LHWPlqIAl2v3yuz9ISBZToQnHSnkOSnUwxVIzwums5GeKppiM8ZB6hgocUxVM5yfP4IlRBjBKpCmh4Vz9PjHFsVKTODSdMdYj9dvLxb88L9NRM5gykWaaCrJYFGUc6gTm/8MBk5RoPjEEE8nMrZCMsMREm5RKJoSvT+H/pOvaTs12b+qV1uUyjiI4AsegChxwDlrgGrRBBxCQgAfwBJ4tbT1aL9brorVgLWcOwQ9Yb58L1ZEb</latexit>

p(p0)
<latexit sha1_base64="xQqMXr5Veq0rk05aZr0rVkRZ7s4=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BItYL0t222q9Fb14rOC2hXYp2TTbhmazS5IVSulv8OJBEa/+IG/+G7NtBRV9MPB4b4aZeUHCmdIIfVi5ldW19Y38ZmFre2d3r7h/0FJxKgn1SMxj2QmwopwJ6mmmOe0kkuIo4LQdjK8zv31PpWKxuNOThPoRHgoWMoK1kbyknJye9YslZCNUq5zXILId16lV64ZUUeXSdaFjrAwlsESzX3zvDWKSRlRowrFSXQcl2p9iqRnhdFbopYommIzxkHYNFTiiyp/Oj53BE6MMYBhLU0LDufp9YoojpSZRYDojrEfqt5eJf3ndVId1f8pEkmoqyGJRmHKoY5h9DgdMUqL5xBBMJDO3QjLCEhNt8imYEL4+hf+Tlms7Fdu9rZYaV8s48uAIHIMycMAFaIAb0AQeIICBB/AEni1hPVov1uuiNWctZw7BD1hvnyiwjkQ=</latexit>

n(p)
<latexit sha1_base64="t06EmZdJEMsfEhUOkMWm4BsWlfk=">AAAB63icdVBNSwMxEM3Wr1q/qh69BItQL0t222q9Fb14rGBroV1KNs22oUl2SbJCKf0LXjwo4tU/5M1/Y7atoKIPBh7vzTAzL0w40wahDye3srq2vpHfLGxt7+zuFfcP2jpOFaEtEvNYdUKsKWeStgwznHYSRbEIOb0Lx1eZf3dPlWaxvDWThAYCDyWLGMEmk2Q5Oe0XS8hFqFY5q0Hker5Xq9YtqaLKhe9Dz1oZSmCJZr/43hvEJBVUGsKx1l0PJSaYYmUY4XRW6KWaJpiM8ZB2LZVYUB1M57fO4IlVBjCKlS1p4Fz9PjHFQuuJCG2nwGakf3uZ+JfXTU1UD6ZMJqmhkiwWRSmHJobZ43DAFCWGTyzBRDF7KyQjrDAxNp6CDeHrU/g/afuuV3H9m2qpcbmMIw+OwDEoAw+cgwa4Bk3QAgSMwAN4As+OcB6dF+d10ZpzljOH4Aect0/EXo4R</latexit>

- cross section is sensitive to both vector and axial contributions

Llewellyn Smith

unpolarised observables are measured

cross section expression:
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CCQE scattering on free nucleon

- axial form factor extracted based on electromagnetic structure

- only 3 experiments performed with deuterium bubble chamber

Fermilab bubble chamber, Richard Drew

ANL 1982: 1737 events

BNL 1981: 1138 events

FNAL 1983: 362 events

world data: ~3200 events

A.S. Meyer, M. Betancourt, R. Gran and R.J. Hill (2016)

direct access to form-factor shape
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- cross section is dominated by low Q2 region
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- relevant kinematic range of structure effects:

- cross section is energy-independent above a few GeV neutrino energy

CCQE scattering cross section
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Electromagnetic form factors



11

 photon-proton vertex

Tool to explore the proton structure

1Ɣ amplitude

Q2 = �(k � k0)2 momentum transfer

lepton energy

Dirac and Pauli form factors

�
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Form factors measurement

Qattan et al. (2005) 

the end cap contributions, but normalize the contribution to
the LH2 spectrum at large !p, where the hydrogen con-
tribution is negligible. While the shape of the bremsstrah-
lung spectrum differs slightly between the dummy and
LH2 targets, the effect is only noticeable near the end
point, and a small uncertainty due to this difference is
included in the systematic uncertainties.

After removing the end cap background, the simulated
spectra from the combination of "p ! #0p and "p ! "p
are normalized to the low-momentum sides of the !p
spectra (taking into account the elastic radiative tail).
Removing this background yields clean spectra of elastic
events. We examine a window in !p around the elastic
peak and extract the elastic cross section by taking the
value used in the simulation, scaled by the ratio of counts in
the data to counts in the simulated spectrum. The upper
edge of the window varied from 5 to 15 MeV above the
peak, and is scaled with the resolution of the peak. The
lower edge goes from 10 to 16 MeV below the peak, and is
chosen to minimize the radiative correction while exclud-
ing background events. We also varied the !p windows,
and the change in the extracted cross sections was consis-
tent with the uncertainties we have assigned to the cut-
dependent corrections.

The yield is corrected for dead time in the data acquis-
ition system as well as several small inefficiencies. Correc-
tions for tracking efficiency, trigger efficiency, and particle
identification cuts were small (<2%) and independent of ".
About 5% of the protons are absorbed in the target and
detector stack, mainly in the hodoscopes and the aerogel
detector. We calculate the absorption in the target and
detector materials, which is " independent except for the
target absorption which varies by !0:1%. Radiative cor-
rections to the cross section are "20%, with a 5%–10% "
dependence, smaller than in previous Rosenbluth separa-
tions where the electron was detected. We also require a
single clean cluster of hits in each drift chamber plane to
avoid events where the resolution is worsened by noise in
the chambers. This reduces the non-Gaussian tails, but
leads to an inefficiency of roughly 7%, with a small
(0.25%) " dependence, possibly related to the variation
of rate with ". We correct the yield for the observed
inefficiency and apply a 100% uncertainty on the " depen-
dence of the correction.

The absolute uncertainty on the extracted cross sections
is approximately 3%, dominated by corrections for the
angular acceptance (2%), radiative processes (1%), proton
absorption in the target and detectors (1%), background
processes (1%), and the uncertainty in the integrated lumi-
nosity (1%). We apply a tight cut on the solid angle, using
only the data in the central 1.6 msr of the total #6 msr
acceptance. This cut limits the elastic data to the region of
100% acceptance, but leads to the relatively large uncer-
tainty in the size of the software-defined solid angle.
Because the solid angle is identical for all " values at

each Q2, this uncertainty affects the absolute cross section,
but not the extraction of GE=GM.

The largest random uncertainties, where the error can
differ at different " values, are related to the tracking
efficiency (0.2%), uncertainty in the scattering angle
(0.2%), subtraction of the inelastic proton backgrounds
(0.2%), and radiative corrections (0.2%). The total random
systematic uncertainty is 0.45%, with typical statistical
uncertainties of 0.25% at Q2 $ 2:64 GeV2 and 0.40% at
Q2 $ 4:1 GeV2. Data taken at the lowest beam energy
have an additional uncertainty (0.3%) because these data
were taken at lower beam currents (30–50 $A), and so are
sensitive to nonlinearity in the beam current measurements
and have different target heating corrections.

The reduced cross sections, %R $ &G2
M % "G2

E, are
shown in Fig. 2. The uncertainties are the statistical and
random systematic uncertainties. Some corrections lead to
correction to %R that varies nearly linearly with ". This
modifies the slope, but does not contribute to the scatter of
the points or deviations from linearity. The main uncer-
tainties in the extracted slope come from the " dependence
of the radiative corrections (0.3%), background subtrac-
tion, (0.25%), tracking efficiency (0.25%), and the effect of
beam energy or scattering angle offset (0.25%). Note that
we do not include the uncertainty related to two-photon
exchange, which we will discuss later. The combined
0.55% uncertainty in the slope of the reduced cross section

FIG. 2 (color online). Reduced cross sections as a function of
". The solid line is a linear fit to the reduced cross sections, the
dashed line shows the slope expected from scaling
($pGE=GM $ 1), and the dotted line shows the slope predicted
by the polarization transfer experiments [6].
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processes (1%), and the uncertainty in the integrated lumi-
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only the data in the central 1.6 msr of the total #6 msr
acceptance. This cut limits the elastic data to the region of
100% acceptance, but leads to the relatively large uncer-
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Because the solid angle is identical for all " values at
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differ at different " values, are related to the tracking
efficiency (0.2%), uncertainty in the scattering angle
(0.2%), subtraction of the inelastic proton backgrounds
(0.2%), and radiative corrections (0.2%). The total random
systematic uncertainty is 0.45%, with typical statistical
uncertainties of 0.25% at Q2 $ 2:64 GeV2 and 0.40% at
Q2 $ 4:1 GeV2. Data taken at the lowest beam energy
have an additional uncertainty (0.3%) because these data
were taken at lower beam currents (30–50 $A), and so are
sensitive to nonlinearity in the beam current measurements
and have different target heating corrections.

The reduced cross sections, %R $ &G2
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E, are
shown in Fig. 2. The uncertainties are the statistical and
random systematic uncertainties. Some corrections lead to
correction to %R that varies nearly linearly with ". This
modifies the slope, but does not contribute to the scatter of
the points or deviations from linearity. The main uncer-
tainties in the extracted slope come from the " dependence
of the radiative corrections (0.3%), background subtrac-
tion, (0.25%), tracking efficiency (0.25%), and the effect of
beam energy or scattering angle offset (0.25%). Note that
we do not include the uncertainty related to two-photon
exchange, which we will discuss later. The combined
0.55% uncertainty in the slope of the reduced cross section

FIG. 2 (color online). Reduced cross sections as a function of
". The solid line is a linear fit to the reduced cross sections, the
dashed line shows the slope expected from scaling
($pGE=GM $ 1), and the dotted line shows the slope predicted
by the polarization transfer experiments [6].
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- Rosenbluth slope is sensitive to corrections beyond 1Ɣ 
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surprising at the time (1998–2002), as they appeared to
contradict the previously accepted belief that the ratio
µpGEp/GMp remains close to 1, a consensus based on the
Rosenbluth separation results up to 6GeV2, as illustrated
in fig. 9.

As discussed above, the two methods available to de-
termine the proton form factors GEp and GMp, the Rosen-
bluth separation and polarization transfer, give defini-
tively different results; the difference cannot be bridged by
either simple re-normalization of the Rosenbluth data [57],
or by variation of the polarization data within the quoted
statistical and systematic uncertainties. This discrepancy
has been known for sometime now, and has been the sub-
ject of extensive discussion and investigation. A possible
explanation is the contribution from the hard two-photon
exchange process, which affects the polarization transfer
components at the level of only a few percent, but has
drastic effects on the Rosenbluth separation results. This
will be discussed in detail in sect. 3.3.

Following the unexpected results from the two first po-
larization transfer experiments in Hall A at JLab, GEp(1)
and GEp(2), a third experiment in Hall C, GEp(3), was
carried out to extend the Q2-range to ≈ 9GeV2. Two
new detectors were built to carry out this experiment: a
large solid-angle electromagnetic calorimeter and a dou-
ble focal plane polarimeter (FPP). The recoil protons
were detected in the high momentum spectrometer (HMS)
equipped with two new FPPs in series. The scattered elec-
trons were detected in a new lead glass calorimeter (Big-
Cal) built for this purpose out of 1744 glass bars, 4×4 cm2

each, and a length of 20X0, with a total frontal area of
2.6m2 which provided complete kinematical matching to
the HMS solid angle. This experiment was completed in
the spring of 2008 and measured the form factor ratio at
Q2 of 5.2, 6.7 and 8.5GeV2.

Figure 10 shows the results from the three JLab exper-
iments [7–10, 101], as the ratio µpGEp/GMp versus Q2.
The uncertainties shown for the recoil polarization data
are statistical only.

The striking feature of the results of the GEp(3) exper-
iment is the continued, strong and almost linear decrease
of the ratio with increasing Q2, albeit with some indica-
tion of a slowdown at the highest Q2. The GEp(3) overlap
point at 5.2 GeV2 is in good agreement with the two sur-
rounding points from the GEp(2) data [9,10]. The GEp(3)
experiment used a completely different apparatus in a Q2

range where direct comparison with the Hall A recoil po-
larization results from the GEp(2) experiment is possi-
ble. This comparison provides an important confirmation
of the reproducibility of the results obtained with the re-
coil polarization technique. Additionally, the results of the
high-statistics survey of the ε dependence of GEp/GMp

at Q2 = 2.5GeV2, obtained from the GEp(2γ) experi-
ment [106], which ran at the same time as the GEp(3)
experiment is shown as a magenta star in fig. 10, and is
in excellent agreement with the results from the GEp(1)
experiment in Hall A [7,8] at Q2 = 2.47GeV2.

The results of the three JLab GEp experiments are
the most precise measurements to date of the proton form

Fig. 10. All data for the ratio µpGEp/GMp obtained from
the three large Q2 recoil polarization experiments at JLab
(filled circle (blue) [8], filled star (magenta) [106], filled square
(red) [10] and filled triangle (black) [101]) compared to Rosen-
bluth separation data (green), open diamond [20], open cir-
cle [21], filled diamond [22]. The curve is the same as in figs. 8,
a 7 parameter fit given in eq. (44).

factor ratio in this range of Q2, hence they represent a very
significant advancement of the experimental knowledge of
the structure of the nucleon. The proton electromagnetic
form factor results from Jefferson Lab at high values of
the four-momentum transfer Q2 have had a big impact on
progress in hadronic physics; these results have required
a significant rethinking of nucleon structure which will be
discussed in the theory section.

3.2.2 Neutron form factors

The early measurements of the form factors of the neutron
are discussed in sect. 3.1.2; in this section only double-
polarization measurements are discussed. The recoil polar-
ization and beam-target asymmetry, both techniques that
have been used to measure GEp and GMp, also have been
used to measure GEn and GMn. However, as there are no
free neutron targets, measurements of GEn and GMn are
more difficult than GEp and GMp. To make these mea-
surements, complex light targets like 2H and 3He must
be used in quasi elastic scattering. First, the recoil polar-
ization experiments, and next the beam-target asymmetry
experiments to extract GEn, will be described.

The use of the recoil polarization technique to mea-
sure the neutron charge form factor was made first at the
MIT-Bates laboratory in the late 80’s using the exclu-
sive 2#H(#e, e′#n)p reaction [107]. The advantage of using a
deuteron target is that theoretical calculations predict the
extracted neutron form factor results to be insensitive to
effects like, final state interaction (FSI), meson exchange
currents (MEC), isobar configurations (IC), and to the
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surprising at the time (1998–2002), as they appeared to
contradict the previously accepted belief that the ratio
µpGEp/GMp remains close to 1, a consensus based on the
Rosenbluth separation results up to 6GeV2, as illustrated
in fig. 9.

As discussed above, the two methods available to de-
termine the proton form factors GEp and GMp, the Rosen-
bluth separation and polarization transfer, give defini-
tively different results; the difference cannot be bridged by
either simple re-normalization of the Rosenbluth data [57],
or by variation of the polarization data within the quoted
statistical and systematic uncertainties. This discrepancy
has been known for sometime now, and has been the sub-
ject of extensive discussion and investigation. A possible
explanation is the contribution from the hard two-photon
exchange process, which affects the polarization transfer
components at the level of only a few percent, but has
drastic effects on the Rosenbluth separation results. This
will be discussed in detail in sect. 3.3.

Following the unexpected results from the two first po-
larization transfer experiments in Hall A at JLab, GEp(1)
and GEp(2), a third experiment in Hall C, GEp(3), was
carried out to extend the Q2-range to ≈ 9GeV2. Two
new detectors were built to carry out this experiment: a
large solid-angle electromagnetic calorimeter and a dou-
ble focal plane polarimeter (FPP). The recoil protons
were detected in the high momentum spectrometer (HMS)
equipped with two new FPPs in series. The scattered elec-
trons were detected in a new lead glass calorimeter (Big-
Cal) built for this purpose out of 1744 glass bars, 4×4 cm2

each, and a length of 20X0, with a total frontal area of
2.6m2 which provided complete kinematical matching to
the HMS solid angle. This experiment was completed in
the spring of 2008 and measured the form factor ratio at
Q2 of 5.2, 6.7 and 8.5GeV2.

Figure 10 shows the results from the three JLab exper-
iments [7–10, 101], as the ratio µpGEp/GMp versus Q2.
The uncertainties shown for the recoil polarization data
are statistical only.

The striking feature of the results of the GEp(3) exper-
iment is the continued, strong and almost linear decrease
of the ratio with increasing Q2, albeit with some indica-
tion of a slowdown at the highest Q2. The GEp(3) overlap
point at 5.2 GeV2 is in good agreement with the two sur-
rounding points from the GEp(2) data [9,10]. The GEp(3)
experiment used a completely different apparatus in a Q2

range where direct comparison with the Hall A recoil po-
larization results from the GEp(2) experiment is possi-
ble. This comparison provides an important confirmation
of the reproducibility of the results obtained with the re-
coil polarization technique. Additionally, the results of the
high-statistics survey of the ε dependence of GEp/GMp

at Q2 = 2.5GeV2, obtained from the GEp(2γ) experi-
ment [106], which ran at the same time as the GEp(3)
experiment is shown as a magenta star in fig. 10, and is
in excellent agreement with the results from the GEp(1)
experiment in Hall A [7,8] at Q2 = 2.47GeV2.

The results of the three JLab GEp experiments are
the most precise measurements to date of the proton form

Fig. 10. All data for the ratio µpGEp/GMp obtained from
the three large Q2 recoil polarization experiments at JLab
(filled circle (blue) [8], filled star (magenta) [106], filled square
(red) [10] and filled triangle (black) [101]) compared to Rosen-
bluth separation data (green), open diamond [20], open cir-
cle [21], filled diamond [22]. The curve is the same as in figs. 8,
a 7 parameter fit given in eq. (44).

factor ratio in this range of Q2, hence they represent a very
significant advancement of the experimental knowledge of
the structure of the nucleon. The proton electromagnetic
form factor results from Jefferson Lab at high values of
the four-momentum transfer Q2 have had a big impact on
progress in hadronic physics; these results have required
a significant rethinking of nucleon structure which will be
discussed in the theory section.

3.2.2 Neutron form factors

The early measurements of the form factors of the neutron
are discussed in sect. 3.1.2; in this section only double-
polarization measurements are discussed. The recoil polar-
ization and beam-target asymmetry, both techniques that
have been used to measure GEp and GMp, also have been
used to measure GEn and GMn. However, as there are no
free neutron targets, measurements of GEn and GMn are
more difficult than GEp and GMp. To make these mea-
surements, complex light targets like 2H and 3He must
be used in quasi elastic scattering. First, the recoil polar-
ization experiments, and next the beam-target asymmetry
experiments to extract GEn, will be described.

The use of the recoil polarization technique to mea-
sure the neutron charge form factor was made first at the
MIT-Bates laboratory in the late 80’s using the exclu-
sive 2#H(#e, e′#n)p reaction [107]. The advantage of using a
deuteron target is that theoretical calculations predict the
extracted neutron form factor results to be insensitive to
effects like, final state interaction (FSI), meson exchange
currents (MEC), isobar configurations (IC), and to the
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surprising at the time (1998–2002), as they appeared to
contradict the previously accepted belief that the ratio
µpGEp/GMp remains close to 1, a consensus based on the
Rosenbluth separation results up to 6GeV2, as illustrated
in fig. 9.

As discussed above, the two methods available to de-
termine the proton form factors GEp and GMp, the Rosen-
bluth separation and polarization transfer, give defini-
tively different results; the difference cannot be bridged by
either simple re-normalization of the Rosenbluth data [57],
or by variation of the polarization data within the quoted
statistical and systematic uncertainties. This discrepancy
has been known for sometime now, and has been the sub-
ject of extensive discussion and investigation. A possible
explanation is the contribution from the hard two-photon
exchange process, which affects the polarization transfer
components at the level of only a few percent, but has
drastic effects on the Rosenbluth separation results. This
will be discussed in detail in sect. 3.3.

Following the unexpected results from the two first po-
larization transfer experiments in Hall A at JLab, GEp(1)
and GEp(2), a third experiment in Hall C, GEp(3), was
carried out to extend the Q2-range to ≈ 9GeV2. Two
new detectors were built to carry out this experiment: a
large solid-angle electromagnetic calorimeter and a dou-
ble focal plane polarimeter (FPP). The recoil protons
were detected in the high momentum spectrometer (HMS)
equipped with two new FPPs in series. The scattered elec-
trons were detected in a new lead glass calorimeter (Big-
Cal) built for this purpose out of 1744 glass bars, 4×4 cm2

each, and a length of 20X0, with a total frontal area of
2.6m2 which provided complete kinematical matching to
the HMS solid angle. This experiment was completed in
the spring of 2008 and measured the form factor ratio at
Q2 of 5.2, 6.7 and 8.5GeV2.

Figure 10 shows the results from the three JLab exper-
iments [7–10, 101], as the ratio µpGEp/GMp versus Q2.
The uncertainties shown for the recoil polarization data
are statistical only.

The striking feature of the results of the GEp(3) exper-
iment is the continued, strong and almost linear decrease
of the ratio with increasing Q2, albeit with some indica-
tion of a slowdown at the highest Q2. The GEp(3) overlap
point at 5.2 GeV2 is in good agreement with the two sur-
rounding points from the GEp(2) data [9,10]. The GEp(3)
experiment used a completely different apparatus in a Q2

range where direct comparison with the Hall A recoil po-
larization results from the GEp(2) experiment is possi-
ble. This comparison provides an important confirmation
of the reproducibility of the results obtained with the re-
coil polarization technique. Additionally, the results of the
high-statistics survey of the ε dependence of GEp/GMp

at Q2 = 2.5GeV2, obtained from the GEp(2γ) experi-
ment [106], which ran at the same time as the GEp(3)
experiment is shown as a magenta star in fig. 10, and is
in excellent agreement with the results from the GEp(1)
experiment in Hall A [7,8] at Q2 = 2.47GeV2.

The results of the three JLab GEp experiments are
the most precise measurements to date of the proton form

Fig. 10. All data for the ratio µpGEp/GMp obtained from
the three large Q2 recoil polarization experiments at JLab
(filled circle (blue) [8], filled star (magenta) [106], filled square
(red) [10] and filled triangle (black) [101]) compared to Rosen-
bluth separation data (green), open diamond [20], open cir-
cle [21], filled diamond [22]. The curve is the same as in figs. 8,
a 7 parameter fit given in eq. (44).

factor ratio in this range of Q2, hence they represent a very
significant advancement of the experimental knowledge of
the structure of the nucleon. The proton electromagnetic
form factor results from Jefferson Lab at high values of
the four-momentum transfer Q2 have had a big impact on
progress in hadronic physics; these results have required
a significant rethinking of nucleon structure which will be
discussed in the theory section.

3.2.2 Neutron form factors

The early measurements of the form factors of the neutron
are discussed in sect. 3.1.2; in this section only double-
polarization measurements are discussed. The recoil polar-
ization and beam-target asymmetry, both techniques that
have been used to measure GEp and GMp, also have been
used to measure GEn and GMn. However, as there are no
free neutron targets, measurements of GEn and GMn are
more difficult than GEp and GMp. To make these mea-
surements, complex light targets like 2H and 3He must
be used in quasi elastic scattering. First, the recoil polar-
ization experiments, and next the beam-target asymmetry
experiments to extract GEn, will be described.

The use of the recoil polarization technique to mea-
sure the neutron charge form factor was made first at the
MIT-Bates laboratory in the late 80’s using the exclu-
sive 2#H(#e, e′#n)p reaction [107]. The advantage of using a
deuteron target is that theoretical calculations predict the
extracted neutron form factor results to be insensitive to
effects like, final state interaction (FSI), meson exchange
currents (MEC), isobar configurations (IC), and to the
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Proton form factors puzzle

- problem is not completely solved !!!

- interest in high-Q2 measurements of R 
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rE = 0.879± 0.008 fm

electric charge radius

- ep elastic scattering

ELECTRIC AND MAGNETIC FORM FACTORS OF THE PROTON PHYSICAL REVIEW C 90, 015206 (2014)

which is effectively point to point, reflected by the
error scaling, and a part which behaves systematically
as a function of the angle. The latter is estimated to be
below 0.1%.

(vi) The background estimation. Depending on the size of
the background below the elastic hydrogen peak this
error is estimated to be between 0.1% and 0.5%.

While the first point can be tested directly by fitting data
with varied cut-off energy, the other uncertainties have to be
treated by hand. To this end the cross sections are grouped
by the energy and by the spectrometer with which they are
measured. For each group, we define a linear function c(θ ) =
a(θ − θmin) interpolating from 0 for the smallest scattering
angle to the full estimated uncertainty at the maximum angle of
the group. The cross sections are then multiplied by 1 + c(θ ).
The sign of a was kept constant for all energies. The so-
modified cross sections were then refitted with the form-factor
models. In order to determine an upper and a lower bound
the fits were repeated with negated a. The uncertainties found
in this way are added quadratically to the uncertainties from
the radiative tail cutoff. The choice of a linear function in θ is
certainly arbitrary, but we checked several different reasonable
functional dependencies on θ and Q2, e.g., imitating the effect
of a spectrometer angle offset or target position offset. They
all produced similar results. The so-determined uncertainties
are reflected by the experimental systematic confidence bands
presented in this paper.

A possible source of uncertainty not from data but from
theory are the radiative corrections. The absolute value of the
radiative corrections should already be correct to better than
1% and a constant error in the correction will be absorbed
in the normalization. Any slope introduced as a function of
θ or Q2 by the radiation correction will be contained in the
slope-uncertainty discussed above up to a negligible residual;
it is therefore not considered.

In order to evaluate the influence of the applied Coulomb
correction, the amplitude of the correction was varied by
±50%. The so-modified cross sections are refitted with the
different models. The differences of the extracted form factors
to the results for the data with the unmodified correction are
shown as a band in Fig. 10.

Except for the phenomenological TPE model included in
the fit to the full data set, we do not include any theoretical
correction of the hard two-photon exchange to the cross sec-
tions in our analysis but apply Feshbach’s Coulomb correction.
Published Rosenbluth data normally do not include a Coulomb
correction. This has to be considered for comparisons of our
fits with old Rosenbluth separations.

3. Model dependence

An important issue is the question of whether the form-
factor functions are sufficiently flexible to be a suitable
estimator for the unknown true curve or whether they introduce
any bias, especially in the extraction of the radius. We have
studied this problem in two ways.

First, we used a Monte Carlo technique similar to the
method described in Sec. V D 1. We analyzed Monte Carlo
data sets produced at the kinematics of the data of the
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FIG. 10. (Color) The form factors GE and GM , normalized to the
standard dipole, and GE/GM as a function of Q2. Black line: Best fit
to the new Mainz data; blue area: statistical 68% pointwise confidence
band; light blue area: experimental systematic error; green outer band:
variation of the Coulomb correction by ±50%. The different data
points depict the previous measurements [2,4,43–45,47,48,50,53,55–
57,60,67,68,87–91] as in Refs. [2,4] with the data points of
Refs. [16,64,92] added.
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which is effectively point to point, reflected by the
error scaling, and a part which behaves systematically
as a function of the angle. The latter is estimated to be
below 0.1%.

(vi) The background estimation. Depending on the size of
the background below the elastic hydrogen peak this
error is estimated to be between 0.1% and 0.5%.

While the first point can be tested directly by fitting data
with varied cut-off energy, the other uncertainties have to be
treated by hand. To this end the cross sections are grouped
by the energy and by the spectrometer with which they are
measured. For each group, we define a linear function c(θ ) =
a(θ − θmin) interpolating from 0 for the smallest scattering
angle to the full estimated uncertainty at the maximum angle of
the group. The cross sections are then multiplied by 1 + c(θ ).
The sign of a was kept constant for all energies. The so-
modified cross sections were then refitted with the form-factor
models. In order to determine an upper and a lower bound
the fits were repeated with negated a. The uncertainties found
in this way are added quadratically to the uncertainties from
the radiative tail cutoff. The choice of a linear function in θ is
certainly arbitrary, but we checked several different reasonable
functional dependencies on θ and Q2, e.g., imitating the effect
of a spectrometer angle offset or target position offset. They
all produced similar results. The so-determined uncertainties
are reflected by the experimental systematic confidence bands
presented in this paper.

A possible source of uncertainty not from data but from
theory are the radiative corrections. The absolute value of the
radiative corrections should already be correct to better than
1% and a constant error in the correction will be absorbed
in the normalization. Any slope introduced as a function of
θ or Q2 by the radiation correction will be contained in the
slope-uncertainty discussed above up to a negligible residual;
it is therefore not considered.

In order to evaluate the influence of the applied Coulomb
correction, the amplitude of the correction was varied by
±50%. The so-modified cross sections are refitted with the
different models. The differences of the extracted form factors
to the results for the data with the unmodified correction are
shown as a band in Fig. 10.

Except for the phenomenological TPE model included in
the fit to the full data set, we do not include any theoretical
correction of the hard two-photon exchange to the cross sec-
tions in our analysis but apply Feshbach’s Coulomb correction.
Published Rosenbluth data normally do not include a Coulomb
correction. This has to be considered for comparisons of our
fits with old Rosenbluth separations.

3. Model dependence

An important issue is the question of whether the form-
factor functions are sufficiently flexible to be a suitable
estimator for the unknown true curve or whether they introduce
any bias, especially in the extraction of the radius. We have
studied this problem in two ways.

First, we used a Monte Carlo technique similar to the
method described in Sec. V D 1. We analyzed Monte Carlo
data sets produced at the kinematics of the data of the
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FIG. 10. (Color) The form factors GE and GM , normalized to the
standard dipole, and GE/GM as a function of Q2. Black line: Best fit
to the new Mainz data; blue area: statistical 68% pointwise confidence
band; light blue area: experimental systematic error; green outer band:
variation of the Coulomb correction by ±50%. The different data
points depict the previous measurements [2,4,43–45,47,48,50,53,55–
57,60,67,68,87–91] as in Refs. [2,4] with the data points of
Refs. [16,64,92] added.
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which is effectively point to point, reflected by the
error scaling, and a part which behaves systematically
as a function of the angle. The latter is estimated to be
below 0.1%.

(vi) The background estimation. Depending on the size of
the background below the elastic hydrogen peak this
error is estimated to be between 0.1% and 0.5%.

While the first point can be tested directly by fitting data
with varied cut-off energy, the other uncertainties have to be
treated by hand. To this end the cross sections are grouped
by the energy and by the spectrometer with which they are
measured. For each group, we define a linear function c(θ ) =
a(θ − θmin) interpolating from 0 for the smallest scattering
angle to the full estimated uncertainty at the maximum angle of
the group. The cross sections are then multiplied by 1 + c(θ ).
The sign of a was kept constant for all energies. The so-
modified cross sections were then refitted with the form-factor
models. In order to determine an upper and a lower bound
the fits were repeated with negated a. The uncertainties found
in this way are added quadratically to the uncertainties from
the radiative tail cutoff. The choice of a linear function in θ is
certainly arbitrary, but we checked several different reasonable
functional dependencies on θ and Q2, e.g., imitating the effect
of a spectrometer angle offset or target position offset. They
all produced similar results. The so-determined uncertainties
are reflected by the experimental systematic confidence bands
presented in this paper.

A possible source of uncertainty not from data but from
theory are the radiative corrections. The absolute value of the
radiative corrections should already be correct to better than
1% and a constant error in the correction will be absorbed
in the normalization. Any slope introduced as a function of
θ or Q2 by the radiation correction will be contained in the
slope-uncertainty discussed above up to a negligible residual;
it is therefore not considered.

In order to evaluate the influence of the applied Coulomb
correction, the amplitude of the correction was varied by
±50%. The so-modified cross sections are refitted with the
different models. The differences of the extracted form factors
to the results for the data with the unmodified correction are
shown as a band in Fig. 10.

Except for the phenomenological TPE model included in
the fit to the full data set, we do not include any theoretical
correction of the hard two-photon exchange to the cross sec-
tions in our analysis but apply Feshbach’s Coulomb correction.
Published Rosenbluth data normally do not include a Coulomb
correction. This has to be considered for comparisons of our
fits with old Rosenbluth separations.

3. Model dependence

An important issue is the question of whether the form-
factor functions are sufficiently flexible to be a suitable
estimator for the unknown true curve or whether they introduce
any bias, especially in the extraction of the radius. We have
studied this problem in two ways.

First, we used a Monte Carlo technique similar to the
method described in Sec. V D 1. We analyzed Monte Carlo
data sets produced at the kinematics of the data of the
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FIG. 10. (Color) The form factors GE and GM , normalized to the
standard dipole, and GE/GM as a function of Q2. Black line: Best fit
to the new Mainz data; blue area: statistical 68% pointwise confidence
band; light blue area: experimental systematic error; green outer band:
variation of the Coulomb correction by ±50%. The different data
points depict the previous measurements [2,4,43–45,47,48,50,53,55–
57,60,67,68,87–91] as in Refs. [2,4] with the data points of
Refs. [16,64,92] added.
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the standard dipole, the Padé and polynomial descriptions of

015206-21

Q2,GeV2

- atomic spectroscopy

< r2E >⌘ �6
dGE(Q2)

dQ2

����
Q2=0

Proton radius puzzle

5.6σ difference !

A1@MAMI: J. C. Bernauer et al. (2014)

CREMA (2010, 2013)

⌫nS = �R1
n2

+
crm3

r < r2E >

n3
+ ...

<latexit sha1_base64="z9CElB0LNv5MjR7gPDiVEEd0uH8="></latexit>



22

rE = 0.8758± 0.0077 fm
rE = 0.8409± 0.0004 fm

rE = 0.879± 0.008 fm

electric charge radius

- ep elastic scattering

μH Lamb shiftH, D spectroscopy

ELECTRIC AND MAGNETIC FORM FACTORS OF THE PROTON PHYSICAL REVIEW C 90, 015206 (2014)

which is effectively point to point, reflected by the
error scaling, and a part which behaves systematically
as a function of the angle. The latter is estimated to be
below 0.1%.

(vi) The background estimation. Depending on the size of
the background below the elastic hydrogen peak this
error is estimated to be between 0.1% and 0.5%.

While the first point can be tested directly by fitting data
with varied cut-off energy, the other uncertainties have to be
treated by hand. To this end the cross sections are grouped
by the energy and by the spectrometer with which they are
measured. For each group, we define a linear function c(θ ) =
a(θ − θmin) interpolating from 0 for the smallest scattering
angle to the full estimated uncertainty at the maximum angle of
the group. The cross sections are then multiplied by 1 + c(θ ).
The sign of a was kept constant for all energies. The so-
modified cross sections were then refitted with the form-factor
models. In order to determine an upper and a lower bound
the fits were repeated with negated a. The uncertainties found
in this way are added quadratically to the uncertainties from
the radiative tail cutoff. The choice of a linear function in θ is
certainly arbitrary, but we checked several different reasonable
functional dependencies on θ and Q2, e.g., imitating the effect
of a spectrometer angle offset or target position offset. They
all produced similar results. The so-determined uncertainties
are reflected by the experimental systematic confidence bands
presented in this paper.

A possible source of uncertainty not from data but from
theory are the radiative corrections. The absolute value of the
radiative corrections should already be correct to better than
1% and a constant error in the correction will be absorbed
in the normalization. Any slope introduced as a function of
θ or Q2 by the radiation correction will be contained in the
slope-uncertainty discussed above up to a negligible residual;
it is therefore not considered.

In order to evaluate the influence of the applied Coulomb
correction, the amplitude of the correction was varied by
±50%. The so-modified cross sections are refitted with the
different models. The differences of the extracted form factors
to the results for the data with the unmodified correction are
shown as a band in Fig. 10.

Except for the phenomenological TPE model included in
the fit to the full data set, we do not include any theoretical
correction of the hard two-photon exchange to the cross sec-
tions in our analysis but apply Feshbach’s Coulomb correction.
Published Rosenbluth data normally do not include a Coulomb
correction. This has to be considered for comparisons of our
fits with old Rosenbluth separations.

3. Model dependence

An important issue is the question of whether the form-
factor functions are sufficiently flexible to be a suitable
estimator for the unknown true curve or whether they introduce
any bias, especially in the extraction of the radius. We have
studied this problem in two ways.

First, we used a Monte Carlo technique similar to the
method described in Sec. V D 1. We analyzed Monte Carlo
data sets produced at the kinematics of the data of the
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FIG. 10. (Color) The form factors GE and GM , normalized to the
standard dipole, and GE/GM as a function of Q2. Black line: Best fit
to the new Mainz data; blue area: statistical 68% pointwise confidence
band; light blue area: experimental systematic error; green outer band:
variation of the Coulomb correction by ±50%. The different data
points depict the previous measurements [2,4,43–45,47,48,50,53,55–
57,60,67,68,87–91] as in Refs. [2,4] with the data points of
Refs. [16,64,92] added.
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which is effectively point to point, reflected by the
error scaling, and a part which behaves systematically
as a function of the angle. The latter is estimated to be
below 0.1%.

(vi) The background estimation. Depending on the size of
the background below the elastic hydrogen peak this
error is estimated to be between 0.1% and 0.5%.

While the first point can be tested directly by fitting data
with varied cut-off energy, the other uncertainties have to be
treated by hand. To this end the cross sections are grouped
by the energy and by the spectrometer with which they are
measured. For each group, we define a linear function c(θ ) =
a(θ − θmin) interpolating from 0 for the smallest scattering
angle to the full estimated uncertainty at the maximum angle of
the group. The cross sections are then multiplied by 1 + c(θ ).
The sign of a was kept constant for all energies. The so-
modified cross sections were then refitted with the form-factor
models. In order to determine an upper and a lower bound
the fits were repeated with negated a. The uncertainties found
in this way are added quadratically to the uncertainties from
the radiative tail cutoff. The choice of a linear function in θ is
certainly arbitrary, but we checked several different reasonable
functional dependencies on θ and Q2, e.g., imitating the effect
of a spectrometer angle offset or target position offset. They
all produced similar results. The so-determined uncertainties
are reflected by the experimental systematic confidence bands
presented in this paper.

A possible source of uncertainty not from data but from
theory are the radiative corrections. The absolute value of the
radiative corrections should already be correct to better than
1% and a constant error in the correction will be absorbed
in the normalization. Any slope introduced as a function of
θ or Q2 by the radiation correction will be contained in the
slope-uncertainty discussed above up to a negligible residual;
it is therefore not considered.

In order to evaluate the influence of the applied Coulomb
correction, the amplitude of the correction was varied by
±50%. The so-modified cross sections are refitted with the
different models. The differences of the extracted form factors
to the results for the data with the unmodified correction are
shown as a band in Fig. 10.

Except for the phenomenological TPE model included in
the fit to the full data set, we do not include any theoretical
correction of the hard two-photon exchange to the cross sec-
tions in our analysis but apply Feshbach’s Coulomb correction.
Published Rosenbluth data normally do not include a Coulomb
correction. This has to be considered for comparisons of our
fits with old Rosenbluth separations.

3. Model dependence

An important issue is the question of whether the form-
factor functions are sufficiently flexible to be a suitable
estimator for the unknown true curve or whether they introduce
any bias, especially in the extraction of the radius. We have
studied this problem in two ways.

First, we used a Monte Carlo technique similar to the
method described in Sec. V D 1. We analyzed Monte Carlo
data sets produced at the kinematics of the data of the
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FIG. 10. (Color) The form factors GE and GM , normalized to the
standard dipole, and GE/GM as a function of Q2. Black line: Best fit
to the new Mainz data; blue area: statistical 68% pointwise confidence
band; light blue area: experimental systematic error; green outer band:
variation of the Coulomb correction by ±50%. The different data
points depict the previous measurements [2,4,43–45,47,48,50,53,55–
57,60,67,68,87–91] as in Refs. [2,4] with the data points of
Refs. [16,64,92] added.
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which is effectively point to point, reflected by the
error scaling, and a part which behaves systematically
as a function of the angle. The latter is estimated to be
below 0.1%.

(vi) The background estimation. Depending on the size of
the background below the elastic hydrogen peak this
error is estimated to be between 0.1% and 0.5%.

While the first point can be tested directly by fitting data
with varied cut-off energy, the other uncertainties have to be
treated by hand. To this end the cross sections are grouped
by the energy and by the spectrometer with which they are
measured. For each group, we define a linear function c(θ ) =
a(θ − θmin) interpolating from 0 for the smallest scattering
angle to the full estimated uncertainty at the maximum angle of
the group. The cross sections are then multiplied by 1 + c(θ ).
The sign of a was kept constant for all energies. The so-
modified cross sections were then refitted with the form-factor
models. In order to determine an upper and a lower bound
the fits were repeated with negated a. The uncertainties found
in this way are added quadratically to the uncertainties from
the radiative tail cutoff. The choice of a linear function in θ is
certainly arbitrary, but we checked several different reasonable
functional dependencies on θ and Q2, e.g., imitating the effect
of a spectrometer angle offset or target position offset. They
all produced similar results. The so-determined uncertainties
are reflected by the experimental systematic confidence bands
presented in this paper.

A possible source of uncertainty not from data but from
theory are the radiative corrections. The absolute value of the
radiative corrections should already be correct to better than
1% and a constant error in the correction will be absorbed
in the normalization. Any slope introduced as a function of
θ or Q2 by the radiation correction will be contained in the
slope-uncertainty discussed above up to a negligible residual;
it is therefore not considered.

In order to evaluate the influence of the applied Coulomb
correction, the amplitude of the correction was varied by
±50%. The so-modified cross sections are refitted with the
different models. The differences of the extracted form factors
to the results for the data with the unmodified correction are
shown as a band in Fig. 10.

Except for the phenomenological TPE model included in
the fit to the full data set, we do not include any theoretical
correction of the hard two-photon exchange to the cross sec-
tions in our analysis but apply Feshbach’s Coulomb correction.
Published Rosenbluth data normally do not include a Coulomb
correction. This has to be considered for comparisons of our
fits with old Rosenbluth separations.

3. Model dependence

An important issue is the question of whether the form-
factor functions are sufficiently flexible to be a suitable
estimator for the unknown true curve or whether they introduce
any bias, especially in the extraction of the radius. We have
studied this problem in two ways.

First, we used a Monte Carlo technique similar to the
method described in Sec. V D 1. We analyzed Monte Carlo
data sets produced at the kinematics of the data of the
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FIG. 10. (Color) The form factors GE and GM , normalized to the
standard dipole, and GE/GM as a function of Q2. Black line: Best fit
to the new Mainz data; blue area: statistical 68% pointwise confidence
band; light blue area: experimental systematic error; green outer band:
variation of the Coulomb correction by ±50%. The different data
points depict the previous measurements [2,4,43–45,47,48,50,53,55–
57,60,67,68,87–91] as in Refs. [2,4] with the data points of
Refs. [16,64,92] added.

present experiment with a series of published form factors:
the standard dipole, the Padé and polynomial descriptions of

015206-21

Q2,GeV2

- atomic spectroscopy

< r2E >⌘ �6
dGE(Q2)

dQ2

����
Q2=0

Proton radius puzzle

μH Lamb shift

?

5.6σ difference !
eH 1S-3S (LKB, Paris, 2018)

A1@MAMI: J. C. Bernauer et al. (2014)

CODATA 2010

eH 2S-4P (Garching, 2017)

⌫nS = �R1
n2

+
crm3

r < r2E >

n3
+ ...

<latexit sha1_base64="z9CElB0LNv5MjR7gPDiVEEd0uH8="></latexit>
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rE = 0.8758± 0.0077 fm
rE = 0.8409± 0.0004 fm

rE = 0.879± 0.008 fm

electric charge radius

- ep elastic scattering

H, D spectroscopy

Q2,GeV2

- atomic spectroscopy

< r2E >⌘ �6
dGE(Q2)

dQ2

����
Q2=0

Proton radius puzzle

data prefers smaller radius

μH, μD Lamb shift

eH 2S-4P (Garching, 2017)

?

eH 2S-2P (York U., 2019)

PRad (JLab, 2019)

eH 1S-3S (LKB, Paris, 2018)
CODATA 2010

⌫nS = �R1
n2

+
crm3

r < r2E >

n3
+ ...

<latexit sha1_base64="z9CElB0LNv5MjR7gPDiVEEd0uH8="></latexit>

CREMA (2010, 2013)
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Proton radius puzzle

- no puzzle in atomic spectroscopy !!!

- scattering data is not completely understood

PRAD (2019)

H Lamb shift



27

Progress in radiative corrections
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Radiative corrections in ep scattering

- 2Ɣ is not among standard radiative corrections

�exp ⌘ �1�(1 + �rad + �soft + �2�)

- soft-photon contribution is included

L.C. Maximon and J. A. Tjon (2000)

�

p

l l0

p0
�

p

l l0

p0
Q2

1 ! 0 Q2
2 ! 0

- standard QED radiative corrections on electron line are known

- proton vertex and hadronic vacuum pol. inside the error budget
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Radiative corrections in ep scattering

- 2Ɣ is not among standard radiative corrections

- 2Ɣ contribution requires theoretical studies

�exp ⌘ �1�(1 + �rad + �soft + �2�)

- soft-photon contribution is included

L.C. Maximon and J. A. Tjon (2000)

�

p

l l0

p0
�

p

l l0

p0

- models for hard-photon contribution

Q2
1 ! 0 Q2

2 ! 0

A1@MAMI: J. C. Bernauer et al. (2014)

- standard QED radiative corrections on electron line are known

- proton vertex and hadronic vacuum pol. inside the error budget

Feshbach correction: ultrarelativistic scattering in Coulomb field
hadronic model: bulk of proton intermediate state contribution
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at low momentum transfer

p

l

p0

l0
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box diagram 

assumption about the vertex

non-forward scattering

photoproduction vertex or Compton tensor



non-forward scattering

� �

proton state

p

l

p0

l0
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box diagram 

assumption about the vertex

Dirac and Pauli form factors

ep scattering: P. G. Blunden, W. Melnitchouk and J. A. Tjon (2003)

�µ(Q2) = �µFD(Q2) +
i�µ⌫q⌫
2M

FP (Q
2)

violation of unitarity for resonances !
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inelastic states

p

l

p0

l0
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box diagram 

non-forward scattering

forward doubly-virtual Compton tensor

works at small 

scattering angles

proton + inelastic = total

M. E. Christy, P. E. Bosted (2010)

unpolarized proton structure

JLab data



Low-Q2 inelastic 2Ɣ correction (e-p)

- 2Ɣ at large    agrees with empirical fit

unpolarized proton structure

O. T. and M. Vanderhaeghen (2016)

� �

p

l

M. E. Christy, P. E. Bosted (2010)

l0

p0
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"

A1@MAMI
Feshbach
box diagram model
total 2γ

� 2
�
,
%
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�2� =

Z
d⌫�dQ

2(w1(⌫� , Q
2) · F1(⌫� , Q

2) + w2(⌫� , Q
2) · F2(⌫� , Q

2))

Q2 = 0.25 GeV2

Q2 = 0.05 GeV2

- 2Ɣ blob: near-forward virtual Compton scattering

�2� ⇠ a
p

Q2 + b Q2 lnQ2 + c Q2 ln2 Q2

Feshbach elasticinelastic

R. W. Brown (1970)
ep :
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at low momentum transfer

p

l

p0

l0
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dispersion relationsbox diagram 

assumption about the vertex based on on-shell information

photoproduction vertex or Compton tensor

non-forward scattering



2Ɣ real parts2Ɣ imaginary parts
disp. rel.

cross section correctionexperimental data

unitarity

2Ɣ prediction

Fixed-Q2 dispersion relation framework
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<F(⌫) =
2⌫

⇡
P
Z 1

⌫min

=F(⌫0 + i0)

⌫02 � ⌫2
d⌫0

on-shell 1Ɣ amplitudes

elastic and πN



2Ɣ real parts2Ɣ imaginary parts
disp. rel.

experimental data

unitarity

2Ɣ prediction

Fixed-Q2 dispersion relation framework
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<F(⌫) =
2⌫

⇡
P
Z 1

⌫min

=F(⌫0 + i0)

⌫02 � ⌫2
d⌫0

on-shell 1Ɣ amplitudes

Dm. Borisyuk and A. Kobushkin (2008-15)
O. T., B. Pasquini  and  M. Vanderhaeghen (2014-17)

cross section correctionelastic and πN

MAID2007 eN->e N amplitudesπ
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p

l

p0
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dispersion relationsbox diagram 

based on on-shell information

photoproduction vertex or Compton tensor

valid at small scattering angles

non-forward scattering
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Our best 2Ɣ knowledge

Q2 = 0.1 GeV2

- small Q2: near-forward at large   , all inelastic states 
- Q2≲1 GeV2: elastic+πN within dispersion relations 

dispersion 
near-forwardrelations

- intermediate range: interpolation; one fit parameter for change in 2γ

"

A1@MAMI
elastic + πN
total 2 γ, near-forward
interpolation

� 2
�
,
%

0

0.5

1.0

1.5

2.0

ε
0 0.2 0.4 0.6 0.8 1.0
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z-expansion, constraints and results
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z-expansion ansatz
- form factors are analytic in Q2 plane besides two-pion cut

q2
<latexit sha1_base64="U7RD6NmttWogmj82R9fPbV7SEew=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyiOBlcwODUyYnV1nZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp7vGh0i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/6KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7K1duz0vVqyyOPBzBMZyCBxdQhRuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4AAlONnQ==</latexit>

z(Q2) =

p
tcut +Q2 �

p
tcut � t0p

tcut +Q2 +
p
tcut � t0

<latexit sha1_base64="UTBaJp7QwRV7QYSX9HM53QN4BD0=">AAACSnicbZBLSwMxFIXv1Hd9jbp0EyxCRVpmqqAbQXTjUsFaoa1DJs20wczD5I5Qh/l9bly580e4caGIG9PahdZeCBzOOZckn59IodFxXqzC1PTM7Nz8QnFxaXll1V5bv9Jxqhivs1jG6tqnmksR8ToKlPw6UZyGvuQN//Z0kDfuudIiji6xn/B2SLuRCASjaCzPpg+kfHFT2yFHpBUoyrKWvlOYoZexFPNdE+WkQv6YFfScPJ9U3J1U9OySU3WGQ/4LdyRKMJpzz35udWKWhjxCJqnWTddJsJ1RhYJJnhdbqeYJZbe0y5tGRjTkup0NUeRk2zgdEsTKnAjJ0P29kdFQ637om2ZIsafHs4E5KWumGBy2MxElKfKI/VwUpJJgTAZcSUcozlD2jaBMCfNWwnrUEEVDv2gguONf/i+ualV3r1q72C8dn4xwzMMmbEEZXDiAYziDc6gDg0d4hXf4sJ6sN+vT+vqpFqzRzgb8mcL0N1P3s88=</latexit>

G(Q2) =
kmaxX

k=0

akz(Q
2)k

<latexit sha1_base64="Hhyy64rK95yANO5A9y4nu1gwk9M="></latexit>

- mapping to true expansion in small parameter z
R. J. Hill and G. Paz (2010)
G. Lee, J. Arrington and R. J. Hill (2015)
Z. Ye, J. Arrington, R. J. Hill and G. Lee (2018)
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z-expansion ansatz
- form factors are analytic in Q2 plane besides two-pion cut

q2
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z(Q2) =

p
tcut +Q2 �

p
tcut � t0p

tcut +Q2 +
p
tcut � t0
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G(Q2) =
kmaxX

k=0

akz(Q
2)k

<latexit sha1_base64="Hhyy64rK95yANO5A9y4nu1gwk9M="></latexit>

- mapping to true expansion in small parameter z

- convergence requires bounds on parameters ak

R. J. Hill and G. Paz (2010)

- t0 is chosen to minimize z in the region of available data

- normalization (charge or magnetic moment) is imposed

- pQCD asymptotic behavior                          : four sum rules              G(Q2) < 1/Q3
<latexit sha1_base64="EHuAfx609l9s7FZ87aaajTbUJng=">AAAB9XicbVA9TwJBEJ3zE/ELtbTZSEywwTsw0cKCaKElJPKRwEH2lj3YsLd32d3TkAv/w8ZCY2z9L3b+Gxe4QsGXTPLy3kxm5nkRZ0rb9re1srq2vrGZ2cpu7+zu7ecODhsqjCWhdRLyULY8rChngtY105y2Iklx4HHa9Ea3U7/5SKVioXjQ44i6AR4I5jOCtZG6d4Vat3SGrpFzXuuWe7m8XbRnQMvESUkeUlR7ua9OPyRxQIUmHCvVduxIuwmWmhFOJ9lOrGiEyQgPaNtQgQOq3GR29QSdGqWP/FCaEhrN1N8TCQ6UGgee6QywHqpFbyr+57Vj7V+5CRNRrKkg80V+zJEO0TQC1GeSEs3HhmAimbkVkSGWmGgTVNaE4Cy+vEwapaJTLpZqF/nKTRpHBo7hBArgwCVU4B6qUAcCEp7hFd6sJ+vFerc+5q0rVjpzBH9gff4ABoGQQQ==</latexit>

- kmax-4 free parameters in convergent expansion

G. Lee, J. Arrington and R. J. Hill (2015)
Z. Ye, J. Arrington, R. J. Hill and G. Lee (2018)

S. Brodsky and P. Lepage (1980)
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Available data and results
- charge radii are treated as data points

- 4-parameter representation of form factors with errors and correlations

- to avoid data tensions, Mainz dataset only chosen as default

fit Q2
max [GeV2] Mainz World Pol Gn

E Gn
M rpE hr2inE �2 ndof

p 1.0 657 0 0 0 0 1 0 475.35 650
n (Gn

E) 1.0 0 0 0 29 0 0 1 14.81 26
n (Gn

M ) 1.0 0 0 0 0 15 0 0 8.03 11
iso (1GeV2) 1.0 657 0 0 29 15 1 1 499.63 687
iso (3GeV2) 3.0 657 480 58 37 23 1 1 1162.45 1241

<latexit sha1_base64="PTjBGVsUtAwvpdi3tuGxBjzz8MI="></latexit>

(rp
E
)µH = 0.84087(39) fm

<latexit sha1_base64="3Q8i8Tg7HXQ7wXz4L3LSMgD3h50=">AAACEnicbVDLSsNAFJ3Ud31VXboZLEK7CUkrWBeCKEKXFewD2hom04kOnUnCzI1YQr/Bjb/ixoUibl2582+ctln4OnDhcM693HuPHwuuwXE+rdzc/MLi0vJKfnVtfWOzsLXd0lGiKGvSSESq4xPNBA9ZEzgI1okVI9IXrO0PzyZ++5YpzaPwEkYx60tyHfKAUwJG8grlkvLOr+Kyl/ZkgutjfIwdu3bg1A5L1aMy7gG7gxQHcoy9QtGxnSnwX+JmpIgyNLzCR28Q0USyEKggWnddJ4Z+ShRwKtg430s0iwkdkmvWNTQkkul+On1pjPeNMsBBpEyFgKfq94mUSK1H0jedksCN/u1NxP+8bgJBrZ/yME6AhXS2KEgEhghP8sEDrhgFMTKEUMXNrZjeEEUomBTzJgT398t/Satiu1W7cnFQPDnN4lhGu2gPlZCLDtEJqqMGaiKK7tEjekYv1oP1ZL1ab7PWnJXN7KAfsN6/AMvtmmo=</latexit>

hr2inE = �0.1161(22) fm
<latexit sha1_base64="W4eL0bX58JDQvJKoBN7Wca1p6zA=">AAACG3icbZBNSwMxEIazflu/qh69BIugB8vuKupFKIrgsYJthbaWbDpbg9nsksyKZen/8OJf8eJBEU+CB/+N6cdBqy8EHt6ZYTJvkEhh0HW/nInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6KmAGpFBQQYESrhINLAok1ILb0369dgfaiFhdYjeBZsQ6SoSCM7RWK+/ThmSqI4Hqa8t6wNeqdUaP6a5b9LwDb9v3d2gD4R5pRsOo18oX3KI7EP0L3ggKZKRyK//RaMc8jUAhl8yYuucm2MyYRsEl9HKN1EDC+C3rQN2iYhGYZja4rUe3rNOmYaztU0gH7s+JjEXGdKPAdkYMb8x4rW/+V6unGB41M6GSFEHx4aIwlRRj2g+KtoUGjrJrgXEt7F8pv2GacbRx5mwI3vjJf6HqF729on+xXyidjOKYIxtkk2wTjxySEjknZVIhnDyQJ/JCXp1H59l5c96HrRPOaGad/JLz+Q1w7p3r</latexit>

Kopecky (1995, 1997)

- neutron, proton and iso form factors: form of fit for axial
A.S. Meyer, M. Betancourt, R. Gran and R.J. Hill (2016)

- covariance matrices and fits with kmax-> kmax + 1 for error estimates

[ap1, a
p
2, a

p
3, a

p
4] = [�1.4860(97),�0.096(52), 1.82(15), 1.29(41)]

<latexit sha1_base64="sDw+7orn2rbK0NYKJCo4/3u3AJE="></latexit>

- e.g., fit of proton electric form factor:
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Nucleon electromagnetic form factors
- fit normalized to dipole form GD(Q2) =

GD(0)

(1 +Q2/⇤2)2
<latexit sha1_base64="whKQ4SfUMKt0Ywmx2G0ozr9dFEg="></latexit>

- iso 1, BBBA2005, iso 3, global fit of Ye et al. (2017)

⇤2 = 0.71 GeV2
<latexit sha1_base64="h6lBoIdoTwb+w9acHTiQ3vxsPws="></latexit>
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Isovector vector form factors
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- fit normalized to dipole form

- iso 1, BBBA2005, iso 3, global fit of Ye et al. (2017)

GD(Q2) =
GD(0)

(1 +Q2/⇤2)2
<latexit sha1_base64="whKQ4SfUMKt0Ywmx2G0ozr9dFEg="></latexit>

⇤2 = 0.71 GeV2
<latexit sha1_base64="h6lBoIdoTwb+w9acHTiQ3vxsPws="></latexit>

GV
E,M = Gp

E,M �Gn
E,M
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(Anti)neutrino-nucleon charged-current

quasielastic scattering 
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CCQE. Why should we care?

- basic process: bulk of events at Hyper-K and DUNE
- channel for reconstruction of neutrino energy

Noemi Rocco

talk at Neutrino 2020

- neutrino-nucleus cross sections and future accelerator-based fluxes
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contact interaction at GeV energies

CCQE scattering on free nucleon

tree-level amplitude

 momentum transfer

neutrino energy

isovector Dirac and Pauli

⌫

e e

⌫

<latexit sha1_base64="GkESPxKba7qd8chOZu8CCwF770w="></latexit>

`(k0)
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axial and pseudoscalar

- assuming isospin symmetry, nucleon current:
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CCQE scattering on free nucleon
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- cross section is sensitive to both vector and axial contributions

Llewellyn Smith

unpolarised observables are measured

cross section expression
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- structure-dependent functions:
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- cross section is dominated by hadronic scales
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- relevant kinematic range of structure effects:

- cross section is energy-independent above a few GeV neutrino energy

CCQE scattering cross section
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CCQE scattering cross section

- knowledge of vector structure stops a progress in studies of axial 

- light band: uncertainty of axial form factor

- dark band: uncertainty of iso 1 fit
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- blue line: BBBA2005 fit of electromagnetic form factors
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Origin of difference

- proton magnetic form factor has to be precisely measured again

A1@MAMI + rE (μH)
all scattering data
BBBA2005 fit

G
M

/(μ
p G
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- fits of proton magnetic form factor:
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1S hyperfine splitting in muonic hydrogen



Laser spectroscopy of the Lamb shift (2S-2P energy difference) in light muonic atoms or ions, in
which one negative muon µ− is bound to a nucleus, has been performed. The measurements yield
significantly improved values of the root-mean-square charge radii of the nuclei, owing to the large
muon mass, which results in a vastly increased muon wave function overlap with the nucleus. The
values of the proton and deuteron radii are 10 and 3 times more accurate than the respective CODATA
values, but 7 standard deviations smaller. Data on muonic helium-3 and -4 ions is being analyzed and
will give new insights. In future, the (magnetic) Zemach radii of the proton and the helium-3 nuclei
will be determined from laser spectroscopy of the 1S hyperfine splittings, and the Lamb shifts of
muonic Li, Be and B can be used to improve the respective charge radii.
KEYWORDS: laser spectroscopy, Lamb shift, muonic atoms, proton, deuteron, charge radius

1. Introduction

When negative muons (µ−) are brought to rest in matter, they can form a muonic atom or ion
by ejecting all of the atom’s electrons [1]. Thus, a single muon is bound to a nucleus. The muonic
atom/ion will quickly deexcite, mostly ending in the 1S ground state. A few per cent of the muons can
reach the metastable 2S state, however. For light atoms, hydrogen to boron, the metastable 2S state
can have a lifetime of microseconds to tens of nanoseconds [2–4] that may make these metastable 2S
atoms susceptible to laser spectroscopy [5, 6].

For an isolated muonic atom/ion, the 2S lifetime is limited by the muon lifetime of 2.2µs, two-
photon decay to the 1S ground state, and nuclear muon capture, which is still small for light muonic
ions [7].

In a gaseous environment like H2, D2, He, etc., collisional effects may shorten the 2S lifetime [8].
Thus, our recent experiments in muonic hydrogen [9,10], muonic deuterium [11] and muonic helium
ions [12, 13] were performed at gas pressures around 1 hPa, where the 2S lifetimes are on the order
of 1 µs [3, 14].

(a) muonic hydrogen, µp (b) muonic deuterium, µd (c) muonic helium-4, (µ 4He)+
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Fig. 1. Sketch of the n = 2 levels in muonic hydrogen (left) and deuterium (center, not to scale) and muonic
helium-4 ions (right). The nuclear charge radius shifts the 2S level upwards, as indicated for muonic hydrogen.
The measured transitions are indicated. Muonic helium-3 ions, which were also measured, are not shown here.

The principle of the measurement is the to excite the 2S → 2P Lamb shift transition by a tunable

2

µH

A. Antognini et al. (2013)

⌫singlet

⌫triplet

EF

rE

rE, rM
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Lamb shift and hyperfine splitting in H8 Muonic Hydrogen Lamb shift

Figure 2.1: Schematic representation of the n = 2 energy levels in electronic hydrogen (left) and
muonic hydrogen (right). Note the different energy scales for the two atoms. The indicated 4 µeV
energy difference corresponds to the “classical” Lamb shift, dominated by the self–energy terms.
The vacuum polarization in muonic hydrogen attracts the 2S state below the 2P state. The laser
transition is indicated in red.

bound–state energy levels the reader is referred to Appendix A. This Appendix gives a
definition of Lamb shift, and presents the various contributions to the 1S Lamb shift in
hydrogen with emphasis on the self–energy and nuclear finite–size corrections.

2.1 Vacuum polarization

In the perturbative approach, QED corrections to the Dirac energy levels are derived
from the scattering approximation using Feynman diagrams. The scattering amplitudes
in momentum space are computed using Feynman rules. The Fourier transform of the
scattering amplitude which corresponds in coordinate space to the potential V (r) (in
first Born approximation) is then used to compute the energy level shift given by ∆E =
〈Ψ̄(r)|V (r)|Ψ(r)〉 where Ψ describes the atomic wave–function.

This approach is used to compute the effect of the vacuum polarization (VP). The
Feynman amplitude S corresponding to a one–photon Coulomb scattering of a lepton
with initial four–momentum p and final four–momentum p′ by an infinitely heavy nucleus
with form factor F (q2) is [22]

S = −u†(p′)u(p)V (q)(2π)4 δ4(p′ − p− q) (2.2)

where q is the four–momentum transfer and

V (q) = −4πZα
F (q)

q 2
=

∫
d3r V (r)e−iqr (2.3)

The Fourier transform for a point–like nucleus (F (q2) = 1) gives the Coulomb potential
V (r) = Zα/r. The effect of the vacuum polarization is best described by the modification

Lamb shift

2P fine structure

eH

- 1S HFS in μH with 1 ppm accuracy at PSI, J-PARC, RIKEN-RAL 

R. Pohl et al. (2016)
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eH 1S HFS

- measurements of 1S HFS in eH (21 cm line):

1970th⌫HFS(H) = 1420.4057517667(9) MHz

Pioneer plaque, NASA Ames

- relation between eH and H through 2μ γ
Pineda and Peset (2017), O. T. (2018, 2019)
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Hyperfine splitting and Zemach radius

- Zemach radius is sensitive to radii and proton magnetic form factor

dominant piece of 2𝛾 with proton intermediate state

- experimental collaborations aim to extract Zemach radius
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- 2𝛾 provides the leading proton-structure correction to HFS

�EZ = �2↵mrEF rZ
<latexit sha1_base64="Td/40y+pWXBmiHYEznJqMMOmBQo="></latexit>

proton (fm) neutron (fm)

p, n 1.0227(94)(51) -0.0443(26)(1)

iso 1 1.0246(84)(40) -0.0445(14)(3)

iso 3 1.0450(58)(45) -0.0462(12)(0)

previous  
estimates 1.045-1.086 -0.0449(13)

� �
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1S-2S transition in hydrogen
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1S-2S transition in hydrogen and 2Ɣ

2010th
A. Matveev et al. (2013)

⌫1S�2S(H) = 2466061413187018(11) Hz
<latexit sha1_base64="YpQF1SkOVUoewTo19z9n+EDQYX8="></latexit>
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- measurements of 1S-2S transition in eH with 4x10-15 accuracy:

- main input to determine Rydberg constant

- more precise than recent Lamb shift measurement (error: 3.2 kHz)
N. Bezginov et al. (2019)

- 2𝛾 uncertainty is at the level of experimental precision
O. T. (2019)
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1S-2S transition in hydrogen and 2Ɣ
- 2𝛾 provides a sizeable theoretical uncertainty to S energy levels

� �

important also for extraction of charge radius from H Lamb shiftμ

- bulk of correction is given by the Friar radius (p intermediate state)

- Friar radius is sensitive to charge form factor and radius

proton (fm3) neutron (fm3)

p, n 2.246(58)(2) 0.0093(11)(1)

iso 1 2.278(49)(12) 0.0093(6)(1)

iso 3 2.176(38)(10) 0.0100(5)(1)

previous  
estimates 2.71-2.89 small
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Conclusions

- future experimental and lattice QCD studies of all form factors

- including data of A1@MAMI Collaboration, CCQE cross sections

- form factor fit from relevant kinematical region is

shift by 3-5 % triggered by proton magnetic form factor

- nucleon electromagnetic form factors are a crucial input

for precise probes with nucleons and nuclei

presented in a convenient form for applications,

i.e., neutrino event generators like GENIE  

will be very helpful for neutrino and atomic physics



Thanks for your attention !!!
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J. Schwinger, F. Dyson, R. Feynman, S. Tomonaga (1947-1949)

Lamb shiftanomalous magnetic moment

 W. Lamb and R. Retherford (1947)Polykarp Kusch (1947)

�

ee

theory vs exp.
3.6 σ 

eH, ep vs μH

anomalous magnetic moment μH Lamb shift

- hadronic uncertainty is dominant in theory

discrepancy
proton size

�

µµ

Muon discrepancies: new physics?

initially 5-6σ  

formulation of QED as first successful QFT 
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QCD running coupling

- EFTs, lattice QCD and phenomenology at low energies

9. Quantum chromodynamics 39

reasonably stable world average value of αs(M2
Z), as well as a clear signature and proof of

the energy dependence of αs, in full agreement with the QCD prediction of Asymptotic
Freedom. This is demonstrated in Fig. 9.3, where results of αs(Q2) obtained at discrete
energy scales Q, now also including those based just on NLO QCD, are summarized.
Thanks to the results from the Tevatron and from the LHC, the energy scales at which
αs is determined now extend up to more than 1 TeV♦.

QCD αs(Mz) = 0.1181 ± 0.0013

pp –> jets
e.w. precision fits (NNLO)  

0.1

0.2

0.3

αs (Q
2)

1 10 100
Q [GeV]

Heavy Quarkonia (NLO)

e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

October 2015

τ decays (N3LO)

1000

 (NLO

pp –> tt (NNLO)

)
(–)

Figure 9.3: Summary of measurements of αs as a function of the energy scale Q.
The respective degree of QCD perturbation theory used in the extraction of αs is
indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to leading
order; res. NNLO: NNLO matched with resummed next-to-leading logs; N3LO:
next-to-NNLO).
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♦ We note, however, that in many such studies, like those based on exclusive states of
jet multiplicities, the relevant energy scale of the measurement is not uniquely defined.
For instance, in studies of the ratio of 3- to 2-jet cross sections at the LHC, the relevant
scale was taken to be the average of the transverse momenta of the two leading jets [379],
but could alternatively have been chosen to be the transverse momentum of the 3rd jet.
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- asymptotic freedom at high energies
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MAGIX@MESAISR@MAMI

ProRad@PRAE

! = 30� 70 MeV

Q2 = 10�5 � 10�4 GeV2

Q2 = 0.001� 0.17 GeV2 ! 0.0002 GeV2

! = 0.2� 0.5 GeV
magnetic form factor

Future projects

! = 500 and 720 MeV

Q2 = 0.002� 0.02 GeV2

ep scattering@MAMI

- ep elastic scattering at low Q2:  

arXiv: 1905.11182

Ultra-Low Q2@Tohoku

! = 20� 60 MeV
<latexit sha1_base64="9FRguf/XMW8bW0ckkg2uC8XPlOE=">AAACBHicbVDLSgNBEJz1GeMr6jGXwSB4MexGUS9C0IsXIYJ5QLKE2UlvMmRmZ5mZFcISwYu/4sWDIl79CG/+jZPHQRMLGoqqbrq7gpgzbVz321lYXFpeWc2sZdc3Nre2czu7NS0TRaFKJZeqERANnEVQNcxwaMQKiAg41IP+1civ34PSTEZ3ZhCDL0g3YiGjxFipncu3pIAuwRe45B6dug8tQUxPifQGasN2ruAW3THwPPGmpICmqLRzX62OpImAyFBOtG56bmz8lCjDKIdhtpVoiAntky40LY2IAO2n4yeG+MAqHRxKZSsyeKz+nkiJ0HogAts5ulHPeiPxP6+ZmPDcT1kUJwYiOlkUJhwbiUeJ4A5TQA0fWEKoYvZWTHtEEWpsblkbgjf78jyplYrecbF0e1IoX07jyKA82keHyENnqIyuUQVVEUWP6Bm9ojfnyXlx3p2PSeuCM53ZQ3/gfP4A2iCW9w==</latexit>

Q2 = 0.0003� 0.008 GeV2
<latexit sha1_base64="42ucOyTIi8ywu0Uj6nM4bRvBpG4=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiQWqiRFogtSBQOMrUQfUptWjuu0Vh0nsh2kKiorC7/CwgBCrHwBG3+D02aAliNZPjrnXt17jxcxKpVlfRtLyyura+u5jfzm1vbOrrm335BhLDCp45CFouUhSRjlpK6oYqQVCYICj5GmN7pO/eY9EZKG/E6NI+IGaMCpTzFSWuqZR7WuAy+hVbQsq3SWfuWHToDUUATJDWlMuk7PLExdDbhI7IwUQIZqz/zq9EMcB4QrzJCUbduKlJsgoShmZJLvxJJECI/QgLQ15Sgg0k2mp0zgiVb60A+FflzBqfq7I0GBlOPA05XplnLeS8X/vHas/LKbUB7FinA8G+THDKoQprnAPhUEKzbWBGFB9a4QD5FAWOn08joEe/7kRdJwinap6NTOC5WrLI4cOATH4BTY4AJUwC2ogjrA4BE8g1fwZjwZL8a78TErXTKyngPwB8bnD0zml4g=</latexit>



64

- μp elastic scattering at low Q2:  

COMPASS@CERNMUSE@PSI

! = 115� 210 MeV

Q2 = 0.0016� 0.08 GeV2

! = 100 GeV

Q2 = 0.001� 0.2 GeV2

small structure effectse and μ

p1

p

p3

p4

p
′

p1

p3

p4

p2

p p
′

p2

- universality test by lepton-pair photoproduction:

𝛾p -> l+l-p@MAMI

! = 0.5� 1.5 GeV

normalisation and proton structure errors are suppressed

Q2 = 0.0018� 0.042 GeV2

�(e+e�) + �(µ+µ�)

�(e+e�)

below and above
muon threshold

l+ l+

l�l�

��

p p p p

Future projects



Q2 = �(k � k0)2  photon polarization
 momentum transfer

parameter

forward scattering

" ! 1
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crossing-symmetric
variable

Elastic lepton-proton scattering and 2Ɣ

- 2Ɣ correction to cross section is given by amplitudes real parts

⌫ =
(k, p+ p0)

2

p

l(k) l(k0)

p0

� � �

l

p p

l

2

- leading 2Ɣ contribution: interference term

�2� =

2
P
spin

T 1�<T 2�

P
spin

|T 1� |2

l0 l0

p0 p0

"
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p

l(k) l(k0)

p0

- electron-proton scattering: 3 structure amplitudes

- 2Ɣ correction to cross section is given by amplitudes real parts

Elastic lepton-proton scattering and 2Ɣ

K =
k + k0

2
P =

p+ p0

2

Tnon�flip =
e2

Q2
l̄�µl · N̄

 
GM (⌫, Q2)�µ � F2(⌫, Q

2)
Pµ

M
+ F3(⌫, Q

2)
K̂Pµ

M2

!
N

- real parts of all 2Ɣ amplitudes extracted at one point Q2=2.5 GeV2

J. Guttmann, N. Kivel, M. Meziane and M. Vanderhaeghen (2011)

Dm. Borisyuk and A. Kobushkin (2011)

I. A. Qattan (2017-2018)

P.A.M. Guichon and M. Vanderhaeghen (2003)
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- proton intermediate state is outside physical region for Q2 > 0
- πN intermediate state is outside physical region for Q2 > 0.064 GeV2 

Mandelstam plot (ep)

elastic threshold inelastic threshold

physical region

unitarity relations
 work in

O. T. and M. Vanderhaeghen (2014)
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- πN intermediate state is outside physical region for Q2 > 0.064 GeV2 

Mandelstam plot (ep)

physical region

unitarity relations
 work in

inelastic threshold
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- πN intermediate state is outside physical region for Q2 > 0.064 GeV2 

Mandelstam plot (ep)

inelastic threshold

physical region

unitarity relations
 work in
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- πN intermediate state is outside physical region for Q2 > 0.064 GeV2 

Mandelstam plot (ep)

inelastic threshold

physical region

unitarity relations
 work in
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- pion electroproduction amplitudes: MAID2007

2= � �

ZX

� �

l l

p p
N

⇡

l0

p0

l0

p0

- analytical continuation: fit of low-Q2 expansion in physical region

D. Drechsel. S. Kamalov and L. Tiator (2007)

Analytical continuation. πN states

△ resonance

✓

- uncertainty: extrapolation + large invariant masses

s = 1.6 GeV2

unphysicalphysical

=
G2

�
2
,%

box diagram model
4-parameter fit
6-parameter fit
weighted Δ

Q2
ph
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−0.20
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�
2
,%
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6-parameter fit
πN

Q2
ph
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−0.05

−0.10

−0.15

Q2, GeV2
0 0.5 1.0

πN

G1,2(s, Q2), Q2F3(s, Q2) ⇠ a1Q
2 lnQ2 + a2Q

2 + a3Q
4 lnQ2 + ...

O. T., B. Pasquini and  M. Vanderhaeghen (2017)
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- πN is dominant inelastic 2Ɣ

� �

p

l

N

⇡

πN in dispersive framework (e-p)

at large  
agree with near-forward

"

- dispersion relations

� 2
�
,%

πN, unsubtracted dispersion relations

πN, near-forward from structure functions

−0.01

0

0.01
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ε
0 0.5 1.0

p0

l0

� 2
�
,%

A1@MAMI
elastic
elastic + πN
total 2γ, near-forward

0

0.5

1.0

1.5

ε
0.2 0.4 0.6 0.8 1.0

Q2 = 0.05 GeV2

Q2 = 0.005 GeV2

O. T., B. Pasquini and  M. Vanderhaeghen (2017)
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- near-forward 2Ɣ agree with data
- multi-particle 2Ɣ, e.g. ππN, is important

OLYMPUS (2016)
Feshbach
elastic
elastic + πN
total 2 γ, near-forward

R
2
�

Maximon and Tjon IR prescription
uncorr. + corr. uncertainties

0.98

0.99

1.00

1.01

1.02

ε
0.8 0.9 1.0

Comparison with data

R2� =
�(e+p)

�(e�p)
⇡ 1� 2�2�

! = 2 GeV

O. T., B. Pasquini and  M. Vanderhaeghen (2017)



74

- dispersion relations agree with CLAS data

elastic
elastic + πN
total 2 γ, near-forward

Comparison with data

VEPP-3 (2015)
CLAS (2016)

� 2
�
,% 0

0.5

−0.5

1.0

−1.0

Q2, GeV2
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

O. T., B. Pasquini and  M. Vanderhaeghen (2017)
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VEPP-3 and CLAS data
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VEPP-3@Novosibirsk: I. A. Rachel et al. (2015)
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- reasonable agreement theory vs. experiment

! = 1.6 GeV ! = 1 GeV

CLAS@JLab: D. Adikaram et al. (2015)

- 2Ɣ effect within 2-3σ

Q2 = 1.45 GeV2" = 0.88

VEPP-3 and CLAS data

VEPP-3@Novosibirsk: I. A. Rachel et al. (2015)
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OLYMPUS data
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- radiative corrections are important
- in agreement with phenomenology

! = 2 GeV

OLYMPUS@DESY: B. Henderson et al. (2017)
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Estimate of higher orders

- account explicitly for next order: 5 % from NLO, 0.5 % from exp

- two-loop QED vertex and 2𝛾 bremsstrahlung
G. J. H. Burgers (1985), A. B. Arbuzov et al. (1998)

- large logarithm           resummation: SCET
F. A. Berends et al. (1988), A. B, Arbuzov (1998-2015)
QED structure functions

E. A. Kuraev and V. S, Fadin (1985)

ln
Q2

m2

- exponentiation of soft logarithm from electron side + phase space
D. R. Yennie et al. (1961)

- cancellation of big logarithms: bremsstrahlung vs vertex correction

NLO
NLO + exp
NNLO
NNLO + exp + e+e- 

ΔEs = 1 MeV

ΔEs = 20 MeV10
3  δ

0

−300

−100

−400

−200

Q2, GeV2
0 0.02 0.04 0.06

ΔEs = 20 MeV

ΔEs = 1 MeV

NLO
NLO + exp
NNLO
NNLO + exp + e+e-

10
3  δ

0

−100

−300

−200

Q2, GeV2
0 0.005 0.010 0.015 0.020

R. J. Hill (2017)
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Estimate of higher orders

- NLO + exp accuracy is sufficient for ProRad

- cancellation of big logarithms: bremsstrahlung vs vertex correction

- exponentiation of soft logarithm from electron side + phase space

- two-loop QED vertex and 2𝛾 bremsstrahlung

- large logarithm           resummation:
R. Hill (2017)
SCET

F. A. Berends et al. (1988), A. B, Arbuzov (1998-2015)
QED structure functions

E. A. Kuraev and V. S, Fadin (1985)

D. R. Yennie et al. (1961)

ln
Q2

m2

G. J. H. Burgers (1985), A. B. Arbuzov et al. (1998)

ΔEs = 3 MeV

ΔEs = 1 MeV

NLO
NLO + exp
NNLO
NNLO + exp + e+e-

10
3  δ
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−20
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Elastic muon-proton scattering

and two-photon exchange
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- μp elastic scattering is planned by MUSE@PSI(ongoing) 

- 2Ɣ correction in MUSE ?

μp scattering ????

ep scattering

μH, μD spectroscopy

eH, eD spectroscopy

- charge radius extractions:

measure with both electron/muon charges 

Elastic muon-proton scattering

- three nominal beam energies: 115, 153, 210 MeV, Q2 < 0.1 GeV2
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p

l(k) l(k0)

p0

- electron-proton scattering: 3 structure amplitudes

- 2Ɣ correction to cross section is given by amplitudes real parts

Elastic lepton-proton scattering and 2Ɣ

K =
k + k0

2
P =

p+ p0

2

Tnon�flip =
e2

Q2
l̄�µl · N̄

 
GM (⌫, Q2)�µ � F2(⌫, Q

2)
Pµ

M
+ F3(⌫, Q

2)
K̂Pµ

M2

!
N

P.A.M. Guichon and M. Vanderhaeghen (2003)
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M. Gorchtein, P.A.M. Guichon and M. Vanderhaeghen (2004)

p

l(k) l(k0)

p0

- electron-proton scattering: 3 structure amplitudes

- muon-proton scattering: add helicity-flip amplitudes

- 2Ɣ correction to cross section is given by amplitudes real parts

Elastic lepton-proton scattering and 2Ɣ

K =
k + k0

2
P =

p+ p0

2

Tnon�flip =
e2

Q2
l̄�µl · N̄

 
GM (⌫, Q2)�µ � F2(⌫, Q

2)
Pµ

M
+ F3(⌫, Q

2)
K̂Pµ

M2

!
N

Tflip =
e2

Q2

m

M
l̄l · N̄

 
F4(⌫, Q

2) + F5(⌫, Q
2)

K̂

M

!
N +

e2

Q2

m

M
F6(⌫, Q

2)l̄�5l · N̄�5N

P.A.M. Guichon and M. Vanderhaeghen (2003)
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Dispersion relation approach?

�2� ! 0

- proton state contribution to 2Ɣ:

- dispersion relation approach requires a subtraction

unsubtracted approach
µ�p

violates low-Q2 behavior

- problematic amplitude: F4
l̄l · N̄N

structure

� 2
�
,%

box diagram model
unsubtracted dispersion relations

k = 153 MeV
−0.5

0

0.5

Q2, GeV2
0 0.01 0.02 0.03 0.04

k = 153 MeV

O. T. and M. Vanderhaeghen (2018)



- expected muon over electron ratio

K. Mesick talk (PAVI 2014), MUSE TDR (2016)

- proton box diagram model + inelastic 2Ɣ

O. T. and M. Vanderhaeghen (2014, 2016)

- MUSE can test rE in

small inelastic 2Ɣ

small 2Ɣ uncertainty

one charge channel

85

� 2
�
,
%

box diagram model, μ-p
total, μ-p
total, e-p
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� 2
�
,
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0

0.5
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Q2, GeV2
0 0.02 0.04 0.06 0.08

MUSE@PSI (2018-19) estimates (  -p)µ

k = 115 MeV k = 210 MeV



86

COMPASS proton radius experiment
µ

- measure                  at forward angles G2
E + ⌧G2

M

- data taking in 2022

- elastic    p scattering at SPS with 100 GeV beam
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COMPASS proton radius experiment

- measure                  at forward angles 

- inelastic states: kinematically enhanced

- sub per mille level of 2Ɣ in COMPASS kinematics

G2
E + ⌧G2

M

2Ɣ corrections?
- Feshbach correction (+ recoil)

�2� =
↵⇡Q

2!

⇣
1 +

m

M

⌘
2-3 orders below MUSE

- elastic    p scattering at SPS with 100 GeV beamµ

- data taking in 2022
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COMPASS proton radius experiment

- measure                  at forward angles 

- inelastic states: kinematically enhanced

- sub per mille level of 2Ɣ in COMPASS kinematics

G2
E + ⌧G2

M

2Ɣ corrections?
- Feshbach correction (+ recoil)

�2� =
↵⇡Q

2!

⇣
1 +

m

M

⌘
2-3 orders below MUSE

- elastic    p scattering at SPS with 100 GeV beamµ

- data taking in 2022
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p1

p

p3

p4

p
′

p1

p3

p4

p2

p p
′

p2

- universality test by lepton-pair photoproduction:

𝛾p -> l+l-p@MAMI

! = 0.5� 1.5 GeV

normalisation and proton structure errors are suppressed

Q2 = 0.0018� 0.042 GeV2

�(e+e�) + �(µ+µ�)

�(e+e�)

below and above
muon threshold

l+ l+

l�l�

��

p p p p

Lepton-pair production

- 2Ɣ vanishes averaging over lepton angles
- one-loop QED is calculated

M. Heller, O. T., M. Vanderhaeghen and Sh. Wu (2018-2019)

Vl. Pauk and M. Vanderhaeghen (2015)

radiative corrections are presented in analytic form
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Zemach term
recoil correction

polarizability
GE, GM GE, GM

F2, g1, g2

- traditional decomposition of 2𝛾:

�HFS = �Z + �R + �pol

Hyperfine splitting correction

> 100 ppm 100 ppm< 10 ppm
- uncertainty budget:

�Z =
8↵mr

⇡

1Z

0

dQ

Q2

 
GM

�
Q2
�
GE

�
Q2
�

µP
� 1

!- leading correction:
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Zemach correction in µH

- dependence on splitting: consistency check

- Zemach correction expanding form factors:

- 95 ppm change for μH and ep radii with Q0 = 0.2 GeV

�Z =
8↵mr

⇡

1Z

Q0

dQ

Q2

 
GM

�
Q2
�
GE

�
Q2
�

µP
� 1

!
+

4↵mrQ0

3⇡

✓
�r2E � r2M +

r2Er
2
M

18
Q2

0

◆

dependence on Q2
0

ΔZ,  Q0 = 0

rE from μH10
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dependence on Q2
0

ΔZ,  Q0 = 0

rE from ep scattering

10
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Δ

Z
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−7.3

Q2
0, GeV2

0 0.02 0.04 0.06 0.08

- 1.5-2 times more precise
- magnetic radius is equally important

extraction of radii by Karshenboim (2014)

O. T. (2017)
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- dispersive evaluation and phenomenological extractions agree

- measurements of 1S HFS in eH (21 cm line):

- accuracy 10-12     -      precise extraction of 2Ɣ

error
↵�HFS

higher order  

M. I. Eides et al. (2008)
A. P.  Martynenko et al.

corrections

1970th⌫HFS(H) = 1420.4057517667(9) MHz

A1@MAMI data

2Ɣ correction in eH 1S HFS

using RE from ep
using RE from μH
Carlson et al.

Δpol, Faustov et al.
ΔZ+ΔR, Bodwin et al.
1S HFS measurement

eH

106 ΔHFS

−34 −33 −32 −31

JLab
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- dispersive evaluation and phenomenological extractions agree

- measurements of 1S HFS in eH (21 cm line):

- accuracy 10-12     -      precise extraction of 2Ɣ

error
↵�HFS

higher order  
corrections

1970th⌫HFS(H) = 1420.4057517667(9) MHz

A1@MAMI data

2Ɣ correction in eH 1S HFS

using RE from ep
using RE from μH
Carlson et al.

Δpol, Faustov et al.
ΔZ+ΔR, Bodwin et al.
1S HFS measurement

eH

106 ΔHFS

−34 −33 −32 −31

M. I. Eides et al. (2008)
A. P.  Martynenko et al.

JLab
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Zemach term
recoil correction

polarizability
GE, GM GE, GM

- traditional decomposition of 2𝛾:

Hyperfine splitting correction

> 100 ppm 100 ppm< 10 ppm
- uncertainty budget:

�Z =
8↵mr

⇡

1Z

0

dQ

Q2

 
GM

�
Q2
�
GE

�
Q2
�

µP
� 1

!- leading correction:

�pol ⇠ mr

�E2�
HFS

= �HFSEF

�HFS = �Z + �R + �pol

FP, g1, g2
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- Zemach correction vanishes and polarizability term is almost 0

- saturation of Q-integrals:

Connection between eH and µH 

- Zemach correction: proportional to reduced mass

μH
eH

R
po

l , %
0

0.2

0.4

0.6

0.8

1.0

1.2

Qmax, GeV
1 2 3 4

μH
eH

R
R

, %

0

0.2

0.4

0.6

0.8

1.0

1.2

Qmax, GeV
0 0.1 0.2 0.3 0.4 0.5

�th

HFS
(mµ)�

mr(mµ)

mr(me)
�th

HFS
(me)�HFS(µH) =

mr(mµ)

mr(me)
�HFS (eH)+

Ri =
�i(Qmax)

�i
=

QmaxZ

0

Ii(Q)dQ/

1Z

0

Ii(Q)dQ

�Z +�pol ⇠ mr
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Zemach term
recoil correction

polarizability
GE, GM GE, GM

- traditional decomposition of 2𝛾:

�HFS = �Z + �R + �pol

Hyperfine splitting correction

> 100 ppm 100 ppm< 10 ppm
- uncertainty budget:

- Zemach correction vanishes and polarizability term is almost 0

�Z =
8↵mr

⇡

1Z

0

dQ

Q2

 
GM

�
Q2
�
GE

�
Q2
�

µP
� 1

!- leading correction:

�HFS(µH) =
mr(mµ)

mr(me)
�HFS (eH)+�th

HFS
(mµ)�

mr(mµ)

mr(me)
�th

HFS
(me)

- μH splitting from eH:

�pol ⇠ mr

�E2�
HFS

= �HFSEF

FP, g1, g2
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- error of 2𝛾 is significantly reduced

100-200 ppm → 20 ppm 

2Ɣ correction in µH from eH HFS

with 1S HFS in eH
using RE from ep
using RE from μH

Peset et al.
2S HFS in μH, CREMA
Carlson et al.

Martynenko et al.
Pachucki

μH

103 ΔHFS

−7.0 −6.5 −6.0
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2Ɣ correction in µH from eH HFS

- precise S-level HFS prediction

100-200 ppm → 49 ppm 

A1@MAMI data

O. T. (2018, 2019)
EHFS

1S
= 182.625± 0.012 meV

with 1S HFS in eH
using RE from ep
using RE from μH

Peset et al.
2S HFS in μH, CREMA
Carlson et al.

Martynenko et al.
Pachucki

μH

103 ΔHFS

−7.0 −6.5 −6.0

JLab
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Lamb shift 2Ɣ correction. Forward VVCS

2Ɣ blob - forward virtual Compton scattering

� �

l l

99

Im S2 ⇠ g2Im S1 ⇠ g1Im T1 ⇠ F1 Im T2 ⇠ F2

Unsubtracted disp. rel. works for

Disp. rel. for amplitude T1 requires

Fixed-Q2 dispersion relations

subtraction function
Tsubt

1 (0, Q2) ⌘ T1(0, Q
2)� TBorn

1 (0, Q2)

Optical theorem

T2, S1, S2

pp
p p

qq
q q



Empirical estimate of subtraction function

100

expected low-Q2 behavior 

G. Gasser, H. Leutwyler et al. (1974, 2015) M. Gorchtein et al. (2013) I. Caprini (2016)

Subtract Regge behavior + DR + resonance region and DIS data 

Tsubtr
1 (0, Q2) = �(Q2)Q2 �(0) = �M - magnetic polarizability



Empirical estimate of subtraction function

data-based result           vs.          theoretical predictions

expected low-Q2 behavior 

�E
subt
2S (µH) ⇡ 4.2± 1.0 µeV

slightly smaller than Birse et al.

�E
subt
2S (µH) ⇡ 2.3± 1.3 µeV
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G. Gasser, H. Leutwyler et al. (1974, 2015) M. Gorchtein et al. (2013) I. Caprini (2016)

Subtract Regge behavior + DR + resonance region and DIS data 

Tsubtr
1 (0, Q2) = �(Q2)Q2 �(0) = �M - magnetic polarizability

Lamb shift correction 

Thesis result
Birse et al.
BChPT πN+ Δ+ πΔ
βM, PDG 2014 

10
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3
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3

4

Q2, GeV2
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

O. T. and M. Vanderhaeghen (2016)


